Abstract. If P is an irreducible element of a polynomial ring over a finite field, then one can define a Fermat quotient function associated to P . This is the direct analog of the traditional Fermat quotient function defined over the rational numbers using Fermat's "Little" Theorem. This paper provides answers for several of the central questions about the Fermat quotients over function fields.
Let p be a prime number and a be a positive integer. In 1640 Pierre de Fermat showed that a p − a is divisible by p. So the quotient q a = (a p − a)/p is actually an integer and is called the Fermat quotient of a with respect to p. Niels Henrik Abel was apparently the first to ask whether q a ≡ 0 mod p has any solutions with 1 < a < p, a question that Carl Jacobi answered in the affirmative by providing the solutions a = 3 or 9 and p = 11, a = 14 and p = 29, and a = 18 and p = 37 [3] . In 1909 A. Wieferich showed that if p is an odd prime and q 2 is non-zero modulo p, then x p + y p + z p = 0 can have no solutions in the positive integers with p xyz, happily connecting Fermat's "Little" Theorem and the first case of his "Last" Theorem [11] . This and similar results motivated much study of the Fermat quotients.
These studies can be divided into two areas. First, the vanishing of the Fermat quotients: can one say exactly when q a is congruent to zero modulo p? Can one give the exact power of p dividing q a [6] ? Are there infinitely many pairs a, p so that q a ≡ 0 mod p [1] ? It seems not even known whether there are infinitely many p so that q 2 is not congruent to zero [7] .
In the second area of study one fixes p and tries to give the order of the set {q a : 0 ≤ a < p} considered inside Z/pZ. H. Vandiver proved that this set contains at least √ p but no more than p − (1 + 2p − 5)/2 elements [10] . What if one considers {q a : 0 ≤ a < p r } inside of Z/p r Z, for some fixed r? For r = 2 one easily shows that there are exactly p − 1 distinct a such that q a ≡ 0 mod p In this paper we study the Fermat quotients of function fields defined over finite fields. Let F q be the field of q elements, for q a power of the prime number p. Suppose P is an irreducible polynomial in F q [x] , the polynomial ring with constant field F q . Then F q [x]/(P ) is a field of order q deg (P ) . Since the multiplicative group of a finite field is cyclic, the polynomial A
. Thus it makes sense to define the Fermat quotient of A with respect to P to be the polynomial
Summary of the main results.
2) There are infinitely many pairs A, P in F q [x] with P irreducible and Notice that part 2) follows from part 1), and that our results depend only on the degree of the polynomial P , not on the polynomial itself. The reason our results are more complete than those known over number fields is in large part because the characteristic of our field is finite, so the P -adic expansion of Q P (A) is easier to handle.
for infinitely many P if and only if A is a p δ r -th power in
In the first section we fix n ≥ 1 and consider the (x The authors both wish to express their deep appreciation to Professor Y. Hellegouarch for his generous attitude and many useful suggestions while they were preparing this article.
§1. Q-Quotients
Let F q be the finite field with q elements, with q a power of the prime p. Fix a positive integer n, and for A an element of the polynomial ring
, for a i ∈ F q , then we have
which is divisible by x q n − x. So it is reasonable to let Q n be the function on
To give a title to this section, we call Q n the Q-quotient function (leaving the fixed n to be understood). We first give the basic properties of Q n , all of which may be proven with trivial calculations.
Remark: if σ is the Frobenius action on
. The quotient discussed here is called a standard Galois derivative of the first order [5] .
For r ≥ 1, define the map Q n,r to be the composition
and let E n,r be the
, and so is a F q -vector space map.
2) The kernel of Q n,1 is (E n,1 ) , and so Q n,1
. This is zero if and only if p divides j for all j with a j = 0. The result then follows.
Proof. By the binomial theorem,
The rest of the proof is then clear.
We can now find the exact power of x 
Further, the polynomial appearing on the right hand side of the equivalence is nonzero and has degree less than q n . In particular, p is the largest power of
Proof. By Lemma 1.4 we have
. For each j, the polynomial b j has degree less than q 
To complete the proof note that, again by definition of , there is some i with a i = 0 and ord p (i) = . Since 
. Let be the largest integer so that
When r ≥ 2 to find the dimension of the image of Q n,r we must combine Corollary 1.2 with Lemma 1.4. So we will have two cases: r < q n and r ≥ q n . As the reader may already have noticed, just as in the classical case, the p-divisibility of the binomial coefficients will now play an important role.
Then by Corollary 1.2, we have
then, by Lemma 1.4, there are b j 's so that One may, in principle, obtain the precise dimension of the image for any given r by using ord p (k!) = (k − s k )/(p − 1), where s k is sum of the digits of the base p expansion of k. For example
For r ≥ q n we give only a lower bound for the dimension of the image of Q n,r . 
Now suppose that the A i 's are chosen starting with
in the expansion of Q n,r (A) is A j and so may be any polynomial of degree less than q n . Next, for any j the value b j (A 1 ) is now determined, and so A q n +j controls the coefficient of X
. Thus this coefficient may be any polynomial of degree less than q n . One continues in this way to see that the coefficient of each X t , for 1 ≤ t ≤ r − 2, is A t+1 plus a previously determined constant, with A t+1 arbitrary. Therefore, for 0 ≤ t ≤ r − 2 the coefficient of X t is arbitrary and so the dimension of the set is at least (r − 1)q n . This finishes the proof.
The proof really only shows that the affine sub-space {Q n,r (x
A little experimentation will quickly convince the reader that giving a more accurate bound for the dimension in the theorem is quite complicated. In any case, we will see that it is only the lower bound that is useful in the next section.
§2. Fermat Quotients
Now we look at the generalization of the traditional Fermat quotients to rational
, and so we may consider the function Q P on F q [x] defined by
We call this function the Fermat quotient for rational function fields. 
Similar to Section 1, define Q P,r to be the composition
and let E r be the
)}. Below we will study the size of Q P,r (E r ), giving an exact answer for r = 1 and a lower bound, otherwise.
One reason why it is difficult to give the size of the set {q a : 0 ≤ a < p r } in Z/p r Z is because the traditional Fermat quotient is not even additive: q a+b is generally not congruent to q a + q b modulo p. H. Vandiver was able to show that when r = 1 the set in question has between √ p and p − (1 + √ 2p − 5)/2 distinct elements. The next corollary gives the function field version of Vandiver's result.
2) The kernel of Q P,1 is E 1 p , and
This shows that there are exactly q
is divisible by P . This is not known for the traditional Fermat quotients.
Thanks to Johnson [7] , one does have a practical method for determining the traditional Fermat quotient for any given a. Let m be the smallest integer so that 
AT
It seems much easier to compute t than to compute T and c. Theorem 2.3 below will provide us with a somewhat more explicit representation for Q P (A).
Recall that x 
Further, the polynomial on the right hand side of the equivalence is relatively prime to P . In particular, p is the exact power of
Proof. By Theorem 1.5 we have
As p is positive, all terms in the sum have degree less that d, so the polynomial the sum constitutes is relatively prime to P . Since V is also relatively prime to P the rest of the theorem then follows.
Using the theorem we can now answer several of the questions in the introduction.
Corollary 2.4. Let P be an irreducible polynomial. 
1) Suppose 1 ≤ deg(A) < deg(P ) and is the largest integer so that
A = (A ) p for some A in F q [x]. Then ord P Q P (A) = p − 1.
2) There are infinitely many pairs
Proof. Part 1) follows from the theorem, and parts 2) and 3) from part 1). For part 4), if Q P,r (A) = 0 for infinitely many P , then Q P,r (A) must be zero for infinitely many P with deg(A) < deg(P ). By part 1), this occurs exactly when A is a p δ r -th power in
The polynomial V played an innocuous role in the proof of the theorem above. However, when r ≥ 2, it does not. To explain this, let us consider Q P,r (A 0 ) for In some sense the imperfection of the proposition indicates that the function field Fermat quotient is one step easier than the traditional Fermat quotient, as the difficulties do not arise modulo P but modulo P 2 . We finish by mentioning possible generalizations. Over the rational numbers there is a theory of Fermat quotients modulo composite numbers (see [1] ). If we were to take P to be non-irreducible, the difficulties with V would become much more pronounced. For instance, if P = i P i e i is a factorization of P into irreducibles, then we must replace
e , for D the least common multiple of {deg(P i )} and e the largest of the e i . Doing this is not necessarily impossible, though, since if P = x q n − x then Q P is the Q-quotient studied in Section 1.
It is also possible to use the Carlitz module action on F q [x] to define and study "Fermat-Carlitz" quotients. This study was undertaken by V. Mauduit and we refer the reader to her paper [9] . Similarly, the analog of Fermat's Last Theorem using Carlitz modules is known as the Fermat-Goss theorem and was solved by L. Denis [2] . Finally, in view of the subject of this paper, for studies of the classical version of Fermat's Last Theorem over function fields we direct the reader to [4] and [8] .
